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The formulae are n-umbered progressively within each section 
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used in the thesis. References are given at the end of the 
thesis in alphabatical order. In the thesis by iQs 3 ■ 
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CHAPTER-I 


IHTRODUCTION 

1.1 BIQRTHOGONAL SYSTEMS : 

Let oC C be a distribution function on the interval 
(finite or infinite) [^-'^3 infinitely many points of 

increase and such that 

The set of polynomials in , and the set of 

polynomials I Q^C>t)| = 'n,YX = o,v,2, -• 

are said to be Biorthogonal with respect to #on[Q/bJ 

if 


to 


=: O 


an some 


, m gt n 

o , --n 

Didon L^53 and Deruyts 3 considered this concept 
detail. For example for a given | ^ , the set 

[Q^Ch> } is uniquely d=temine4 and conversely-Presier [ 2 ^] 
and Konhauser [_!3 J reconsidered this concept. It is shown 
that (1,1,1) is equavalent to (1,1,2) and (1,1,3) 

(1.1.2) \ V-^ 


=: O 


O $ V -5^ 



2 


(1.1.3) 




o ^ X < n 


i 0 


X r\ 


Thus if k = 1, ^ and j collapse to the 


set of orthogonal polynomials associated with -kJ Cx) on (a,b) 


Both Didon and Deruyts gave as an example 


The case cl^^^C'X-) - H- C^-•>t) on (0,1), 


More recently these polynomials gained sudden popularity with 


the interesting work of spencer and Fano P_3' 3 Konhauser 


Presier * Carlitz [^5 3' Chai [^7 3 


In particular, the bi orthogonal system associated with 


baguerre distribution is known as Konhauser Biorthogonal 


polynomial Si 


1.2 SPENCER AND FAKO POLYNOMIALS; In 1951, Spencer and 


P.no [_3 1 3 calculations Involving penetration of 


Gamma rays through matter, encountered with a pair of poly-* 
tJL) (Ji; 


aomials , which are solutions of the 


following third order differential equations respectively! 


(1.2.1) X- 'lx -t -t 2. 3^, 


■aiiay. 

(1.2.2) V- -t 5 •A.') 


J\ C' + A) 




whefe J\, is a parameter with CA,} 7* f 



The integral representations for these polynomials 


(1.2.3) C*-) 


( e^^Cv-t) _ 

\ — ’ 


where C is a closed contour enclosing t = 0, but excluding 
t = 1, 2, as long as 1 is an integer. 


t/U 

(1.2.4) Cv:) 


^TTi 


C-tC-t+5)3 


.1 C.tto 


^Y\ t ^ -V Jl 


Where C* encircles t = -1. n and J\ are integrals. If we 
move C' such that t + 1 *= s# then C'* is contour encircling 
s * 0, and then 


(1,2,5) ^Tt) 


— ix 
■X- 


^’T\ I 


^ Ain Jr '-V-h. 


* 


Frcm (1,2,3) and (1,2,5)# we see that 


(1.2.6) z.C’t) —K -7 — 


-a -V2.JI 


t = o 


•X ^ •A. 

(1.2.7) -e \ c^) 


s-r^+JX f a 

\ I e Cs> -0 


*''• %/L . \ 

•(here V C>x) rr ■><-■€. Jy, Cj*-) 



r 


'A. A. 

The series expansions for ^ and given by 


A i 

(1.2.8) - 5: bj^j , 

j = 0 


where 


( 1 . 2 . 9 ) 


Iojl; - 


j? , o.nU J- '^31 ^ 


ill jl 


-K^ I I? • (i-j-Vc)V / 


A 4. J 


and 


'U 


Cr-O 

?rTi 


J r Yl -N V- 


(1.2.10) ^ I 1 j 


^=•0 


4- xA.) r 


Interestingly, these polynomials happen to satisfy the 


biorthogonality relation 


00 


(1.2.11) { y- e ^ Z« C-Jt) cix- 




Jim 


where ^ 


XT) 


X ^ ^ 
i 


S. Prieser 1^2. ^ ^ made further investigations of the biorthogonal 
polynomials derivable from the ordinaiTf differential equations 


of third order. 


1»3 KONHAUSER POLYNOMIALS ; Motivated by the works of 

Spencer and Pano|^3^ ^ ®nd Prieser [^2.^3] 
in 1967 considered a system of biorthogonal polynomials, 
suggested by Laguerre polynomials, Konhauser denoted these 
polynomials by 7 ^^ C>^;K^and Yt^ Cx # defined them in 
terms of integral representations as 


C + >!.■»% 


(1.3.1) "Yv, 


JL ( C-t+i} _ 

Yc-i+o"->3 


■n 4-' ? 


Where C is a contour enclosing t = 0, but excluding t 
and the roots of the equation ^-t + 1 ) — \ ■= o • 


C ^ 

(1.3.2) X- Cx > K) 


-2TTt 


C - ''5 


T^c. -v K r\ 


Where C* is a contour enclosing s = 0, 

From (1,3.1) and (1,3.2), we get n differential 
formulas for these polynomials as 


d 


(1.3.3 ) Y. C’'/k) - YP' 


C “t } 

/■ , K-l . v< -i 
f "t -V K t •‘f 


C.+ xrj 


■■ 4K) 


■fc = O' 


and when c is an integer 






6 




(c -M^)! 5 ^ 


5 ,- a 


. ^ V- 

"Z-j^ C'X-^k} and '^yxQx-,'^') satisfy the fallowing ( k + 1 )^ 
order differential equations; 


Vt . C-v^ C 
(1.3.5) 3 (^>t 'D 


C+ i ^ . N 

3) 




(1.3.6) 


xo-0 ^ c-')"3 -f-'^ 


The series expansions for and C>«-JK) are 

given by. 


v.. 

(1.3.7) =: 


Z ^-u i T ] ^ 


riLV^c-Y v^-j) 


(1.3.8) 


I Y 




wh.r. Cp)^ - (ic=i 3 -o. - - (^c+n-ij -v, 


and ( 0 ^} 


e\ 4^ O 


^hese polynomials satisfy the biorthogonality relation 


Cl.3.9) ^ •z'] a>t 

a 






• c^-nci = o 


& J S:. 1 • 




Interestingly, Z ^ . K) and Yn C>c , k) reduce to the poly- 

nomials, those of Spencer and Fano Qs 1 J for k = 2 and in 


respective notations 


(1.3.10) t= cxM 

Also, for k = 1, both (1.3.7) and (1.3.8) reduce to Laguerre 
polynomials , for «»<=: c-t I ^ defined by Rodrigue’s formula 


(1.3.11) LviCx-) 


w\ 




The series expansion for L^C’x-') Is 

(1.3.12) ^ 

ynso Cv\- VwJ 1 

The series expansion (1.3.8) was given by L. Carlitz £ B ;] 
using which H.H. Srivastava Q 33 3 showed that 




(1.3.13) 


-K“n - c - V ^ 

T\ \ 




y. -e 


Clearly (1,3.13) reduces t® (1.3.11) for k = 1 and 
However (1,3,13) has been given by Galvez et Genin ^ 


POLYNOMIAL DEFINED BY THE GENERALISED RODRIGUES 
FORMULA: 


As we have seen above (1. 3. 13) , “YV, been 

expressed by a Rodrigue's type formula. Hence it is appropriate 
to give a brief account of such formulas, which have been useful 
in sxjbsequent chapters. 

The classical orthogonal polynomials have a generalised 
Rodrigue's formula of the form 


(1.4.1) 


F 

I y\ 




-- ' >' 


where is a constant, X is a polynomial in x, whose coefficients 
are independent of n, and w ( x ) is a weight function, where 
as F^ (x) is a polynomial of degree n is x. The Rodrigue* s 
formulae for Laguerre and Hermite polynomials which are the 
particular cases ©f the ab®v# formula are as follows; 


(1.4.2) 1 CX) ^ ^ i 




V- € 


(1.4.3) = tr-U -e ^ Ce- J 


3 


9 




In 1938 Angel escu Q 1 ]]considered the polynomials 


Tt-«^’9connected with Appell and defined as 


(1.4.4) Tr„c-) = s’" \ , 


where the set of polynomials A^(x) forms an ftppell set. 


Krall-Frink {1 2i 3 in 1949 obtained a class of poly- 


nomials which they called * Bessel polynomials *, These arise 


as the solution of the classical wave equation in spherical 


coordinates. They define them as 


VI/- V r - 

^1-4.5) ^ w -X. ^ ^ L'^ 


an-v Q -:2. _ 


'o/t* 1 ^ 


Another interesting study, starting with Rodrigue’s formula 


is due to E.T, Bell (1934) 3 33* considers the polynomials 

j v) given by 


(1.4.6) ■ 

Maurice de Duffahel [1 in 1936 has defined and 


studied^ is not so well known paper, polynomials (x) where 


(1.4.7) 




Following E.T, Bell, A,M, Chak 8 J in 1956, 


r, . r 

considered the polynomials By, Cx-") X- , defined by the 


Rodrigue* s formula. 


(1.4.8) c«, = 


10 


In 1959 F,J, Palas [j2 3*3 with the generating 


function 






Ti = O' 


where OC-t ) — "v— C\-fc) # and showed that the polynomial! 
Tj^n the Rodrigue’s fomulal 


a. 4 . 10) T. Cx^-) 




In 1962 Gould-Hopper|2 l8 3 studied two generalisations 
of Hermite polynomials# viz. 


(1.4. 11) ^ 


(1.4.12) H 




During 1963 and 1964# Chatterjee lO 3 and Singh-Srivastava £3d3 

proceeded simultenously to define generalisation ©f Daguerre 
polynomials. Singh-Srivastava (1963.) gave the generalisation 
following Gould-Hopper# as 

( 1 . 4 . 13 ) , 

following the extension ©f Bessel polynomials given 
by N. Obresk©v|3 2.2.3 (1956) 


11 


CvnA 

(1.4.14) 




In 1964^ Chatterjee[j\^ iz^gave generalised Bessel polynomials 


, , , ^ ^ K~ C^- C yt - 2.)in ^ojK 

(1.4.15) r\^ ^ b -yt e ' ■ 

chatter j ee 12 ) ^ 1 (1966) defined a function 
by a generalised Rodrigue's formula as 

(1.4.16) p';v-i . 


Motivated by operators used by Carlitz, in 1956 A.M. ChakCSH 
defined a function ^ C'^') as 

Y% ^ 

,a a .,„v ^ V — (-ycn-v-'n v.r^K^^^^ 

Recently R. P. Singh Q 29 ^following Gould-Hopper 1 8 Q 
has given a generalisation to Tascano* s polynomials by the 
relation 


( 1 . 4 . 18 ) ^ 

Following SinghX^ 29 3 ®®^ Chak'Q 8 Jr.C. Chandelj^^ 3 

defined another generalised Truesdell polynomials "X^ C'y^i'*‘,'py 


(1.4.19) T^°‘''c^,-v,):.) = ' 


12 



q -vmyi 


Both (164.20) and (1,4,21) happens to include haguerre# Hermite 


and Bessel polynomials as their particular cases. The interesfcini 




As such many properties 


We mention below some well known properties of 










(1.5. 3) oVv; - .i^(’;)Ce"'‘^>C®^) , 


± 6 ^ . -t © -t© , 

(lo5.4) t£ ‘ ® ' 


(1.5.5) p ce ' C '*^ ^‘-’^0 - ■>^’^ F (^“<'>^'^ + , 

(1.5.6) FcejCe'^'ic.)) = 

and the generalised rule of differentiation as 


(1.5.7) 


Prom (1.5*1) and (1,5.3), we shall have 


(1.5.8) (V-tp) 




C P> > 


h = 0 


which reduces to Binomial theorem for Ic = 0 * 


Also we have 


(1.5.9) 


for every non-negative integer n. 



14 


The purpose of the present thesis is to discuss in 
detail the following two papers of H.M. Srivastava related 
to Konhauser biorthogonal polynomials and their multilinear 
generating relations. 


(A) Some Biorthogonal polynomials suggested by the 
Laguerre polynomials; Pac. J. Math, Vol.98{l), 

1982, pp. 235-250, 

(B) a multilinear generating function for the Konhauser 
sets of biorthogonal polynomials suggested by the 
Laguerre polynomials; Pac. J. Math, Vol.117 (1),1985 
pp. 183-191. 

The Chapter II and III deals with the paper (A) and 
Chapter IV deals with the paper (B) above. 
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CHAPTER-II 


PROPERTIES OF KONHAUSER POLYNOMIALS Y_ ( X ; k ) 

” — — H — 


2.1 


INTRODUCTION! 


(vK > 

We begin with recalling the polynomials vQ 

which were introduced Srivastava and Singhal [^3 ^"3 to provide 


an elegant form of the various known generalisation of the 


classical Hermite and Laguerre polynomials. These polynomials 


are defined by the generalised Rodrigue's formula il,4.21) 




Gly% ^’) 


-vtn - < 
><• -e 




-fs. 


where - d/dx, and the parameters p and r are unrest raete<^ 


in general. The explicit expression is given by C3C31 


^ y Cr-^y/ ^ ^ 

(2.1.1) Gvy,Cy,v, jo, k} ^ ^ ^ Jn 


On comparing (2.1.1) with Carlitz's result (1,3.8) we get 


known relationship (1.4,22) 

C'><-VO 








y\ 


* 9 f ^ f 


Hence from this relation we get Rodrigue's formula for Y^, 


as 




(2.1.2) wV 


•n 


e (x. Dx j I 


^ —ycl 

yt -e V 


2.2 


GENERATING RELATIONS Is 


Following are the generating relations for Y^(xik) 
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(2.2.1) = (l-t/ '^e^cV C‘- ^ 

Yi-O 

(2.2.2) Xf^ ) = <-‘-^-^'"^'2t^)=C'^C'-Cv-t3X 


n=- o 


C^*- c. - fc3'‘J O 


where m is a non- negative integer. 


To prove (2.2,1) and (2,2.2) we first prove the 

A°< i 

following generating relations for {s\y^ C-X,y,^,X} .* 


(2.2.3) X Cx->v,^,K) 


_ yc t.) -e; >c 


|o > — C » - K fc.) ■ 


^ /-m-y-vi \ v\ 

(2.2.4) X ( Cx.v, lp, K) 

y\ zLt^ \ ^ / 


■■•'Ic 

Kow from equation (1.4,21), and letting u = x , 

'n=.o ' ‘ \ 


C H ^ C\^ S^ 2)] 


- Cl"" ) — C \ - 


Ki • 


This proves (2.2,3)» 

From (2,2,3) 

o<=> ^ > 

>1:^0 


0 “ \ - c 
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Hence for r = p = 1 and K is replaced by «r + ^ , and usii 

(1,4.22), we get 

T. = C*' (^x. - Cl- tf . 

71=. O 

which proves (2.2.1) . 

Now from relation (1.4,21) 


-1= o “yi 1 ^ t 


1 "yvi ‘ — 7^ 

Yf\ ) — 

'Qby use of (1,5,2)*^ 

; ~ ^ V^yvi-VK -C^'^+ '^'V'k 

C p>*- ) . yio\ -Jt. _ Vi-fc > C' - v=-t > 

rrt \ I 

(^ Tt C\- 


This proves (2.2,4). 
From (2,2,4), we have 


C>0 '. ■ Yi ■ qJ ' ^ .'■ 

I G„,„ C-.v,KK) = C>-^,^)J. 

r\-o ^ ^ V (of) . -1 


^ Z' -i- \ 


Hence for r = p = 1 and is replaced by "C-vl # and using 
(1.4,22) , we get 

? (T) " = 0- C-[.- 

■ Y„‘' (■■,<. c, I- , 

which proves (2,2.2). 


Ig 


GENERATING RELATIONS II s 


Following are the generating relations for Yj^(xjk) 
which shall be obtained by use of Lagrange's expansion 


(See Appendix) 


(2.3.1) II Yn Cx.;K}t: - V} 

n s o 


(2.3.2) ^ 




Y^ ^ o \ ^ 


V C«k-Vc-vv;a<_ 

YV\ ^ O , ^ y 


where k is a positive integer j 


■Cs<+U/|< 


y\ _ Q-l) '^>'^jJ 

(2.3.3) X- Yr» ~ 1 - vT'-^Ci- 


h = o 


where "f is a function of t defined by 

(2.3.4) 


) = o 




^ « + fi-n „ (l+A) iVpCxL'- + 

(2.3.5) T Yv, , 


where is a function of t defined by 

(2.3.6) T], = -to+n'f^'^ n‘»>-'= 


hMS 
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To prove these results# we shall prove the following results 


(2.3.7) H CX.,'«-#S?,V^> - 0 + 

O 


Kt*?^Uy Ct^x’O- 


C<? / . 03 ^-Kt\> _ 

^ \ . . . TA 


(2.3.8) 1 ) Q, 

)i= o V yi y 


mnifYi 


Cx,Y;) 3 ,\c_) t 


(2.3.9) 


oo 


5 r ■- rT>- - 1 ^’" 


^ d»U + ^■»'> ) • 




^3 


.m 


(2.3.10) ^ g,y' _ 

\ _ vT'xj-CP" + 


h = o 


where and ‘*\ are defined by (2,3.4) and (2,3.6) respectively. 

■"•Ic 

NOW from equation (1,4,21), and letting u = x , we have 


oo 


*■" G.'r- K) = - c-'” 




e'stjDC- loot; 


V. C ja^"^) T ^ ^ f t/l J" c?tfe C->tJ^)ll 

v^to c^O^L J 




c\ 


L' 


j_ by Lagrange. tb=or«n] 

x- C C' + f^t ^ e-^c^ {-y*^ 

^ : C 1 + v:V V 
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"X- 


This proves (2.3.7)« 
Prom (2.3o7 ) , we have 

L (%) G-v, cx.v.hv.^ 




Hence for r = p =1 and c< is replaced by o<+-l , and using 

(1.4<,22) , we get 

"L "Y-T =:(\-+t) ^ x|= (•><:[ ^ - + , 

which proves (2,3,1). 

Again from equation (1,4,21), and letting u = x , we have 
^ fm -v- ^ ^ Y\ 


x" fy^ ^ •> 


T»r o ! ^ t 




Tiv. r<To oiU^ 1 


“ ‘^e^^ C25- ^■*-) I UCltKtl'] 'ex.Jap'p 

___ _ 

• C \i- V=-'t> 


[by Lagrang,-, theorem] 

• e^v, C- ^ 

a-y Y' ’^\yr(= ^0? C' ' ' ' ' W C’^'^ 


This proves (2,3*8), 
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-rn +Yv\ .. n . 


r\ 

t .1 




t f ^ o+t)' '■" WC'=''^ Tv - c. + 1)^ 3) 

ko^) 


FroiPn ( 2 , 3 . 8 ), v;e have 

■ "it 

^ ^ Cn-m ,y, >, 5 c) . 

ience for r = p = 1 and 6 < is replaced by <<><' -v \ and using 

(lo 4 o 22 ), we get 

^ y >m 4 --n\ f<-^^ rv , C‘=^ ' -V U /fc 

•n=o \. -A yXi^n ^ 0 -^^=^ ex)p (^xCv- Ci + t)l^j) 

^ + k) j 

v;hich proves ( 2 , 3 , 2 ), 

Now from ( 2 . 2 . 3 ), replacing x by , we get 


/L# 


XT 


(ot ) 1 - 

I z” =0- Cl-KxJ'tJ 


■n -5 


Now by use of the extended Carlitz theorem ( see Appendix ) ^ 
we get 

oc> "" K - v 

I - u Vt 0-u>'P I 




-•< 

_ L\~^^ 


where U= )ct C'- w) i - j 

Now substituting x^ for x and y^ for y^we get, 

U-o 7 % ( 

1 - u k' Cv-u>’ |[ |3. -y>» c j 




Wso 

where 




u = v^t C\-^) C' “ Ci-'X) ^ 3 ^ * 

This proves ( 2 , 3 , 9 ). 

Now for r = p = 1 and o( is replaced by ex' 4-5 , and using 
( 1 , 4 , 22 ) , we get 


Ip: 

'tlM 

Wi 


•n:^o I- Cf^- '3C'. -■^_,)~i^"] 

■5 = t c ^ - 'll C '■ - c 1 - ^ • 

This proves (2o3.3)o 




Now sxibstituting u in equation {2.3o9) 

Ylro ^ — — 






where \> » Kt C ^ ^ C > t J) * 


This proves (2,3.10). 


Now for r = p = 1 and c< is replaced by <<-V^ , and using 


(1.4.22), we get 

•v+GY' ^ r 

“2- Y-r> 

y\:^o 


I - H 'n C ^ ’i ^ ^3 


Ui+K-;/!^ V -r'l 

r^ =. -bcity|> ex-^C^C»- Ci'vn:*^/ 


This proves (2.3,5). 


RECURRENCE RELATIONS & OPERATIONAIi FORMULAS : 

C"^ the following recurrence and 


operational formulas i 


(2.4.1) kCiri+D Yt>+( C'l'iy.) - 


(2.4.2) - Y^'Cx-, 
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12.4.3) Y„ +tr’+'-^ 




( 2 o 4 . 4 ) KCY^+n Cxao = 0 ^^ 


*- «<+•! 

(C; Cv.-,K) - X Cx;k.) 


t2.4.5) Cx^K-) = YY^v\ J 

C 2 . 4 . 6 ) II + -- !.-» J! 

j = o 

<v •/>- ’ , 

( 2 . 4 . 7 ) Yn C’C))^) = (Yrr n C€+“f + iK. -X + O ■' > 

^ ■ 'j-z. a 


where % - 


X ? 


( 2 . 4 . 8 ) D^ \e^ Y^Cx^VO} ^ C-') « Yv^ 


Proof of (2,4.1) 


From equation (2.1.2) 






consider 


Yyi Cxj K) 


Cxj K) = X- (- ^Y\-°<-\) -X 


T5^} 1’*- ^ 


— ^ t' ^ f «*v -t \ :r c V 

i-t ^ ^C'V^ «>(+^ 


'i 'l-X. ^ e \ -t *>< . e , 
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-(^^nv^+O ViXr‘^*'^YY%-i-?C?^’»’^^ 


Hence jOn transposition , we get 

V^C•^•^^■) Yyv C^SV^) 4 - Ytj C'^i 


which proves (2.4.1) 
Proof of (2.4.2) $ 


Differenciating relation (2.2.1) with respect to x# we get 
oo ^ _ - 1 . 




GGf *** Jw. Y 

^ d. , *\ 

-f^l+JJ + sl C’<C'- Ci- 
— C\ - 1) ^ -f e 


C/O 




CO 


K +1 


.V\ 




Y\rD "nno 

U 


Hence .comparing the coefficients of t' both, sides# we get 
X ^ . X ^ ^-f-) 


Y« = Y„C*;ic) - C-=^},'^') , 

which proves (2.4.2). 


Proof of (2.4.3); 


Differenciating relation (2.2.1) with respect to t, we get 



2S 


n 


On comparing the coefficients of t on both sides we get 

KCT^+V) - X-'^T^ CX->> 


Replacing «< by o<r _ \< , we get 


V^C-n-^O == -x.-Y-,^ 

or ^ 

^ . N -x + K-CYx+O C^jK; ) 

(W - K -VO Yv% =: X «>. 


which proves (2, 4. 3) 


Proof of (2«4.4): 


Consider 

XX(.* 


^+Kn+'_ A + + V.' \^C’‘i'l<'> 


■r- 


YV 


t < r \’+ <-+1 ■ oi 
1 vx 


vcY\-\r‘=<t\ 

+ >*- . x.'Dx Yv^ C’^; >=■) 


or 


6X 


, \f:n + -<-vr . 




Oft 


^ S -V K+) - y3^.\ y\^ ., , 

^ I ■+ (^x K)(x"-^W)|^n-^| 

4 _ ^^V^YX+X-Pl: ., ^ e/ ' \ 


Y^'^Cviix) Kc«+o C-Xivci = Ox+vcA+u yJ'cxjkj 
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on. X Yv, J. KCn+O V 


H ^^5^) + '^Cn+O C’^',vc:i =:r^ + ^n+\) Y^C^iK) 

^ «p/' 4- 1 

4- xY-n'C-^^V^) -X Yyv" C-x^;V:} 


^by use of (2,4,2) 


or KC^+O C^i w = CKrv+-^+0 - X- yY'^’'. 


j K} ^ 


which proves (2.4,4) 


Proof of (2,4, 5) : 


Eliminating XYv\ between (2,4,3) and (2,4,4), by 


adding we get 




(^K-vc-ti;) -4- KCv>4n Y'?.v\ = vt<iy^+') Yv>+j C'^'^y-) 

(v^-A-v-^ tt) ' 


KCV»4I) C^'jK) ^Cr^+\7 4 + »-v:y\ — 

KC'»^4-0 Yn + I \^CY\JirO Yy\A-\ C'>t‘,Vi-) — ViCYi-VO Ya CYi y:-) 


==^ Y^fYcxiv.) 

which proves (2.4,5). 


■'f-n + i ^ 


Proof of (2.4,6): 


Since 






Cj Bx) 


«><-\-H4i_y_ o<tV<4 Z 




»_ '^4K4a:_v ^ 

. . e - ©x' 
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-f* 1^ 4 ' I 






--4- X' 


n 1, (xDk-x +»<+ t) -f 




K4S^ ( ^ '! 


( >"' "Dv, ) L 




Yv C'^Dj. -X 4--< + 0 ^ 


and repeating this process upto n times, we get 


= X 


OKf-v^n -V \ 


"A- \ 

e.'‘ r (■^'0/:''^^ 

jro 


Thu£ 


(2.4.9) 1 ^ I 


o<vViVv4-\ 

V — X, 

^ e 


C s - X 4 -^4 Kj 41^ j. 


Also, Ave have, using (1.5.3) 


- M 

X. e 


)<i^ 


1 ( l)X"j (-;x) i<l.-j5i 


J =• o 


i.e. 


(2,4,10) 


r^ .i=<+h-x) 


T} / t.-i 


= \2^ 1ft V ^ ^ Y ' 


j-o-vT" ‘""-J 


Hence equating (2.4.9) and (2,4.10), we get 


J-O J 


tf^'.vxv^ 4 1 _ ^ X"' r. 

*- c n ^ ^ vij’4.1) ^ , 


or i = Ti Cs.-’‘+-<+'‘-j+0 


4 *. I 

l=;0 ^ 


J r- *D 


TL (^b-'st.-^- +V-J -vO 


V^+l vJ 


J=-D 


* J=o Jl 


which proves (2.4.6) 


Proof of (2.4,7) 


From (2.4,9) 




Now when f - 1# we get 




JT C^-x Jr\y jr • 

J=o 


o<’+-\<:.n +\ ^ ^ •r^”' ^ . 

- ><- e IT Cs>'Xv-^ + i<^J 4-v>' 


C^-,yc) -n^ _v<, Jr”' 


«“ n (^ &-X--V <<-v y-J-A-i)- 


Hence 


Y-rx C^;Vc) — U - x-tl) 


which proves (2,4,7), 

To prove (2,4,8) we first prove the following relation for 

' Co^ I 

Qk C-x. ,r, '9,\<-) : 


■2.4.11) 


■ yy\ V 

Y)») ) <j\yx 


Differenciating relation (2,2.3) with respect to x, we get 

^ Dy.^'n ^ “K ex)=»[>x^0" 


^YX £v- ti- 


le tl:^ 


■n*^- o 



oo 

1- "S, 

y\st> 




^ . OQ y\ ^ * X . r\ r 

„ Yyx I. 't X-t ( 


Y\f-''" 

: h\r, 


Equating the coefficients of t both sides, 

Cc< J I fai ) Y ^ . V V~ V” ^ 

3)^ G-n Gx'yx ^ ^ ^ 


(2,4ol2) (D^-- Git» 


(WtXj) ^-v 

^Y><- C^Yv CXj-y/Pi^J 


Using the shift forroula (1,5.6), we get 
ex)3C]p)tT> [T)x Gi-n 

Y-l (iX+T) 

Giy, 

Y* ^ Y*" } 

= ~)?YX e.xyC-'V’^^'G Giyi CYjXjip^K.) 

or 

(2. 4,13) 

— -bX e-x.^ G,>y CX-)X- ^3V=-3 * 

Now repeating operation of ( x^ D)^ m times^we get 
, \-Y vW ^ ^ X. {?<> n vn ^ ^■^’vnrj 

(X DjlJ) Qn-n C.x>Y)^,V^^ = txjsC'-b'i?) Q-m CXj'>jb,l<^ • 

This proves (2.4oll), 

Hence for r *= p = 1 and c< is replaced by K-t) # and using 


(1,4,22), we get 
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<^^vn 


which proves (2,4.8). 

As consequence of (2,4,8), we have the following generating 


relation; 

^ <+-v\ /• 1 . "N 

(2.4.14) ^ Xyr, ^ 

hr-o 

To prove (2.4.14), we consider 


r\^o 




n *€L 


\ C-CX-tJ} ^ VK) 

f by use of (1„5.2)~| 

* — ' , ■ ,-J ' 


x]pC-t>.-Y^C>c-t;K.) ^ 


which proves (2.4,14) , 


By similar method, we can prove analogous result for 


(2.4. 15) ^ Cn w» -It = ^ 


rt~o 




FINITE SUMS! 


Following are the finite suras for {x;]c) 


(2.5.1) = r' 


£ ‘-"'cr] , 












’ , ‘ ‘s- ^ 1* ll| ^ I 'if f I ^ 1 

.,C' ... 
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(2.5.3) XC^^K) .1^ ( j jTn-j 


(2.5.4) \ 


cc».« =i ( ' ■ ’ *r'‘) 




Vt 


]. cx - X- Y..L. C'^; k; 


1. 


To prove all these relations we first prove the following 

loO 


finite sums for \ji\^ C ^jV,^i'(£.) I 
(2.5.6) =- X f^vx-3 Cx,r,h j^>^^ 


y\-y ; , Ce^-K+Knj 

J r ’n- J ‘ 


J-D 




(2.5.7) 


0 = 0 


(2.5,8) Gy, C5(rV,WN=) = X 'f' C A j ^ 

/' V *• f*«» 






(2.5,10) (^77C’""+XJ7.mO =-^ (^7cx.v,P,kJ Gi'Xj t'J, ■-,!■, O 


OXJ 




J =o 


From the equation (1.4.21)# we have 


(e<r> 

Gy, C^>-»-j>)y) 


ViVN-'<’ 





K 

X c 




\<.C>^‘‘'> 


'n=_54CE^.^ 


5 f^'^eC«’'‘' )® f-’" 




|~by use of relation (laSmSjj 


• C- K-Cn- 








)c-kJ 


This proves (2. 5* 6). 


Hence for p = r = 1 and o< is replaced by o^-vv ^ and using 


(l,4o22)# we get 




which proves ( 2.5. 1). 

Again from relation (2,2.3) 

e>Oi»(J y. 


•»>. 

0- K-ti C'-vc-t)"^ ^x)s(^>trcv- ci-H-t5^]_) 


t-v ^ 

I- Kt 


l^\-\ct) ^ C'- Cv-Kt)^ 

'J 


!L J. C'-K-t) ex^(^{sx]}-c»- 

Jro ^ 




nrft J =;6 








'■■' ' " r -■"■■ 

';: fM\ i7;7i7SliSii^i|fiifiii^ 
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"n 




I I W,'--" '‘ C.-j 

Yi=t> j-o -J 


On comparing the coefficients of t both sides, we get 
WJ ^ /C^-P>)/K^ Cp>+v<"jj 

This proves (2,5.7), 

Hence for r = p = 1 and e< and p> are replaced by KtV 
and ^ + 1 , and using (1.4,22), we get 

which proves (2,5,2). 


Now s-ubstituting j2> — Vi- - >c.ri in equation (2,5,7), we have 

X'- 

J- 


a.cx,v,p.^) =Z cx,v,,,.;. 

This proves (2.5,8) 


Hence for r = p = 1 and o<C is replaced by o< +•) # we get. 


using (1.4,22) 

'n -1 , 

' S- 17 ) 

which proves ( 2 , 5 , 3 ) • 


'^Y\ C^>^) 


Y 


(<=>^4 \C~^Y\ ir Vijj 


Yt- 


■J 


C jc) 


Again from (2,2,3) 

.tY, 


= O- Vit) ic: Cv- Kt) K e-5t^(^^T</ £\ 


o<=> 


0-v=.t) 2. C«- 
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Kr < ’*■ ^/ }< j, n *' r id 'i" \ x.. 


=■ I 1 

■^=0 Js.O 


(i J 


-'J ■ Giri-j ^ » P' ^'- ) t‘ 


n 


On comparing the coefficient of t # on both sides# we get 

GlYk-’j * 

\ . / 

This proves (2,5.9), 


C«^) 


j=-° I J 


Hence for r = p = 1 and “(f and p> are replaced by <+) 
and (i + 1 respectively and using (1.4.22)# we get 


v Y\ 

j V^} r ^ 

o 

which proves (2.5,4) 
Now from (2,2,3) 


i -1 + 

j 


V„_J , 


oO (Vt-fti V \ -A - _ 


V\- o 


' Q3i <!^ } * 


cx:> Yv 


- V X Yl 

2. ^ G^Y^- 1* Cni C'aiY))=‘iy;)"t 

- #N 1 * /►v y w 


(.fV 


"nso j=-o 

On comparing the coefficient of t^, we get 
r-xM p>) 

VI 


^ Y\ 




X*^ 


c-q; = 5 c,7W,>,K)ejc.,v,.,K:) . 


This proves (2,5,10), 


Hence for p = r = 1 and c< and p> are replaced by <+! 
and |S + \ respectively and using (1.4,22)# we get 
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Y-n Xj’ Y-n-j , 

'^ ' , ' J r: O 

which proves (2*5o5) o 

2.6 SOME MIXED MULTILATERAL GEKERATIH3 FUNCTIONS : 

Following are the mixed multilateral generating 
functions involving (x?k): 

CO 

(2.6.1) ^ CxiK) 

= c\-t7 ci-tj-tj) 


X F [->^01- t) ^ ; V^, - - 


(2.6.2) 


XT . e<-\<Y\ 

^ Ywitn >^Y\Ca,, , '^ra';2Dt’ 


y\zo 


Cl + tJ (V [] 1— 


^ 


where 




(2.6.4) G - 
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Proof of (2o6.1) 


Consider 

CO 


I Y„+„ >‘5 C.'i. , — .1 „ X) t 


o 


oo 




J . 


Y\=.0 


C^u '3,v/’)'2: t 




^ ^ o< /'•yvx + ^ + '=vi 'N _ y, , «N ^ 2 

Vn:^0 };o vj Cx-’.V:-) ^ j ^ ‘ 


j 


cxO 0^ ‘ * V 

:i ) r i 

j^o J \rsz.o 


* o/ 

'•vy\ + TA -V 'VJ "N Y C't'jVt) t 

‘•m+’A •V'V! 

\. '^ J 


cO 


= 0-, 0-0*^''''^"'"'^% K!) 

Y4;*cy 




[;by use of relation (2.2.2)] 

<yo 

' i*,,(^y.[;,_c.-eTfel3 I^Cj C^o-t-Jfe- V.}. 


ri -Lin n ~L Q 

u-t; (,■«- X\- V F *1 

cL~tA 

which proves (2.6.1), 

Proof of (2,6,2); 


Consider 


oO 


CXf * K 




■y\ 


Vis-O 


I YW + 


e(-»c.n A r. 2^' /« 

lYv^^v^ ^ ' '.t; J 




t— ji 


■ 


L 




vj / \ t 

'' . c “i*- j v^) I 

'yw^’A + Cvj \ 

• ^4 Cy,, 


°!? ^ o< - %iY\ " 

"i % Y. 

Y\s: O j'S.O 


J-*5 


^ f'm + Yv-V«vj 'J o<-Krv-VMl,i ^ 
r>~£>\ y\ j ‘w-VA+flv^j 


Y "H e.t>t*L'- ci+t>tj^ 

jr.o ^ ' ' 

r by use of relation (2.3.2) 

0aggt 

u+w ^'WC'^C.'- C-' + ti's.]) T^T^^(;iac\+t3‘''‘;n) 

• '^j/'£lZ. y^. Cj,, 

'v'u+ti'^y j 


^ r» ^ . a i. 


which proves (2,6.2). 




■ 

-.yM ) 

C\4-fc>\ 



CHAPTER-III 


PROPERTIES OF KONHAUSER POLYNOMIALS 


Z-n C>t S ) 


INTRODUCTION: 


The Koiahauser polynomial been defined 


(Chapter I, ( l,3o7 ) ) as 


, 3 . 1 . 1 ) I G )f^ 


•V *< + 1<-] } 


where < > , and k is a positive integer. In view of (3,1.1) 

*7^.^ (fi") can alternatively be defined in terms of generalised 


hyp,rgeom=trlc functions Appendix) as 


(3.1.2) 7^C*;<) = 

y\\ 




VC 


> VC V 




In the present Chapter^ we shall derive differential equations# 
recurrence relations# generating functions# multilinear generating 
functions and Laplace transforms associated with 

3«2 DIFFERENTIAL EQUATIONS ; 

Zy^C'^-jlc.) satisfies the following differential equation- 

K. ■ ' ■ 

(3.2.1) 1 1 s= , 


which is equivalent to 


(3,2o 2) I ^ 
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To prove (3.2.1), we shall use the well known differential 
equation for F which is as follows ^ : 


(3.2 


.3) [S.f '-Z..UCO + -<j 


v;here 


(3.2.4) U) - V 






'»=» .n 


where 


0 ,-V, , i €= > 


In equation (3.2.3) we set p =1, q = , S =1^ = 


and comparing with equation (3.1.2), we get 


• ?> r. 


R ^ 


and (3,2.3) reduces to 

— I R ^ I -j.t 


r's f r r’§> + w = 

jai ^ y K. /' 


- ^5- CiLl±bbJi> o3 

\< j=.i ’ ^ 

R 

or tr <+J - k)|, u) 

;,r, K.yc^ 


4=1 

fc 

Ji CS 


■\< }Sci) 


CS - n k ) ul 
(_S - cJ 


where CO - , \c L' ■" V “'4' , 


•4+-V: 


>“ ' k V K > 

7\ V , , Y 

— - ■— • — Y yi C^ yk-) 

0 + -<Jw. 




As such, we get 




which proves (3,2,1) 
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Prom Cl. 5. 5), for k = 0, we get 

Hence 




(3.2.5) 1 t4+-<-v^+J)53tx>J _ 

i =.1 J - * 


Y~< i; .K 




S C S'O 


CS - x 


V: 

1*. 3> 


Taking g (x) = %-ly^ Cx- j V^) f we get 

1 f= 1 ^ ^ ^ (y-i ^) - x.^" \ v<)] 


1 J= 1 

or TN*^ 5 




which proves (3.2o2) 


RECURRENCE RELATIONS: 



(3.3.1) 



(3.3.2) 

l< ■ :m 


(3.3.3) 




•< 

;,:;:|:;;;?|||||;::o ; 

(3.3.4) 


33i^!::i|||i5l;r: :■ , 

: 3(: ’ ‘ 

(3.3.5) 

x-D^Zn Cx;k) 


"Zy^ C^i H) satisfies the following recurrence formulas! 




o<-L 
Cx\i 
Y> ■ -> 




(cC*^ - U + \ 
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(3.3.7) == o< ■-C^^-^‘^+^) z'^^;C5tii9 


For this we use the well known result (See Appendix) 


3.3.8) ^ 


^ 

Proof of (3,3.1) and (3. 3. 2) i 




\ k ^ 

Substituting p *= 1, q = k, z * ]) — X>x equation 


(3,3,8) and using (3.1,2), we get. 




• +i 
j "TT i 


-»<;+ 






... '<+K + V< . /•x'? 1 
K > J 






of-t 

y^Cv'-v:) 3 Zv,„, C>^; 3f^) 






ViCV\>i) 


)f: - \ \< - 

■ y- •z-„_| C'»-j 




which proves (3*3.1) 


^ -k- v «K+k- . 

Zy> ■ C^ VK) 



Rewriting (3.3,1) as 


o<4V< 

C-K) 'z-n-i 
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Mi 


we get after repeating operation of { x ' D)^ in times 

H , 

which proves (3. 3 .2). 

Proof of C3#3*3} s 


From (3.1.2) 


v» j K) — (f^ ^ ^ 'h ■ 

Tii 


] 

1C> 


•■£+15 - /X 
K J ^ 




' -— — ' ^ ^ ^ j 1 x'c \*-i t*< +'5 


Tt \ 


Hence 




•n 






•n \ 


since j (f<+ ytj,) - ♦ ''^® j^^ve 


y\ 


\c; 


hrv \ "" j=.0 i'. R.isj + 'c'+l) 


n ' 


j-o Jl tciyt-f'+O 


j=^ J! rcjcj+^3 0‘j+-<) 


"n' 


rc<+>cv\ j-i) ^ (r-i^)^ 


YVl 


1 

^=t i) Tc>4+ “<) 


fo»C4KV)J Y Q.y») . U 

^ *'^ ■: ' -T— d—- . 

Jto jiTcty-v«<) 




o< L-^IY-) 
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T| \C I 


C'H-.'f) 


Co^-V^tl.) T^Cx-v:) 


«< C,.'^ J Y- ’I 


X-ISx — C>:vx.v<x) zt$"'c>t;v^) 


^ 7n Cx:)\<) 


which proves ( 3 . 3 » 3) 


Proof of (3»3.4) 


Consider 




^ ■'"Tr’rTT Hcy-j +-c<-v''> 
j=.o J • • L. 

j=o-TT^r rcfj+-)|. CVi+") 


Tk ^ 
rcK^j-h*<> 


r ^’vw\+/ 

j = o -jp^TT ^Jtx) L 


^ C-n;j C'^Jyc.n 

Jio ’TP’T^ fCl‘j+'<) 


^4V<n 


r« 


j7o ir^ fcvy+-<) t-'^j+'‘'’ 
j=o '“jx'^'r fcKj +■=''*''> 
j=o "^^--iTrj! rcfj+«4-i; rc'*‘''''>-*-‘^'*'’^ 







J = ^ 


(■D-U » 


jJ rc\<j-^“^+o niKcy'-^^ f<' 



K rci«n+-<’( rc.«4n (°<-^*> 


kO^-v> > 


-V" O ^ 


rc\<CY%-j> i-«><+i ) 


x*,-— « 


o< / . 


which proves (3*3.4) 


Proof of (3*3.5): 


Substituting the value of "2^ C>*-jH) from (3*3.4) into equation 
(3.3.3) we get# 

^ D>t '^yi C.'^) V^) = n -v "<' ) > K-) — V< C Ky\ f<) rc.v^>%-H<) ^(yL'Y.y 

rc.KCv'-t) 4- t I ) 


-zj C^jK) 




rt Kcn-v) +■*»< +■{) 


which proves (3*3.5) 


Proof of (3*3.6) : 


Eliminating x 2^ 0<-* \<.) t)e tween (3, 3.5) and (3*3,1)# we get 




’Z^.v 


3«- Tyf C’t) ic) - . 3 *9 ■'. . 

rcv<tn-!)4-<4-\) 
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or 


^ ^-><^3 10 " f-— 7 " ^ YnC 

"CKLC^-O-t- “e-i-t) 




or 


Xyv C>tj = ■^!l -tr t. 1 .y,^. , 7 ^g>c-K) -c^ + s) Z^^^CXj kl 

rcvevi 4 r-< +, ) + ' ^ 


Y^ -ef -^Kv <S< ■K ■ 

or ->1- C^^jVi) = Cv='A ■¥-< -v-O^ 'ZyvC^jK) - C« + nY n+\C.’^jK) 


which proves (3e3.6) 


Proof of (3.3.7) ; 


Eliminating >«- Cxj tc) between (3.3.3) and (3.3.1) we get 


at-k K 


>tD^ X^ •=:-V:x'<Yn-v C->CiK) 


or 


»<-vv<- 


\< =. T^'cv •, IC) - 


or v-^ Y y\-\ C^itiVs) n Y-nC"*) vt) — (Kn-wj 7y^ Cxjjc) 


or 


o<-^K, 


•^y^ ^ ^ iVt) 


= -< Cx-.vi) + 7 tIi’,C«j!<) ^ 


which proves (3.3.7) 


3.4 GENERATING FUNCTIONS; 


Following are the generating relations for 


00 


(3.4.1) -z:c-;v^)t''=o-t‘/v''vci:^;^ 


>^=o 

00 




1 ... . *<+!<. 


' w ) 


\e.Yv 


x^fc 1 
K'‘C-fc-oi 


(3.4.2) X 




( 3 . 4 . 3 ) 


c<e> 


r\i o ^ ^ y (®^+u .y,7 


V\ 


.TO 


00 


■fn) 


r\ 




■I 



I'o prove (3.4.1) and (3. 4. 2), we first prove the follov/ing 


relationsj 


(3.4.4) £ 






■ ^Ou ) 


• -,1V 




( 3 *»- t) ^ ^ 


* -t^i 


^ ' ■ 


**-«n 


ri=. o 


-t ^ 
e ^ <V 


- - •/ '^^3 > P’!,' " " 1 ^°U '} 


-■X“tl 
^ J 


Consider 




r: 6 




v^=0 J=0 Y1^ C?>» - - ' 

. W' ^ 


v\-o j-o - •,Yiou)j j’. 


','=^\3)5 ev)*^ -t^ 


- Z X -t^ 


CP. j'- 

akO 

y y -t"c-'')j 

v.=oj=t. v>5 yr(^,:-PO', 


; ' ■ / 




y Wj cr', - - - a- ■zt;-' 
J!C^.,---'-("^;jC.-tVJ 

C w t; _y - -■■•'b); ( ,- ztj -^ 

>PO; Q-tjj 



SfeK-* 


0- tU+,’'q. — i p., -^1 


. cwt) --i-'.P'. 




This proves (3. 4, 4) 

Hence for p = 0 and q = k and comparing with equation (3.1.2) 


we get. 


»<4K . /"X 1 

-ir“ . J 


K ' 




^ c. ■ “(-il - - - ■ • 




y 7:^Cx;v')-t' 

n=ei C'X 




■>^ 1 


which proves (3.4.1). 

Now replacing t on both sides of (3,4,4) by "t y;^ and taking 
the limit as ,^-400 ^ we get easily 

DO 

1 e>., - - - - • 


C°''/ Pi,- -- •' l\‘,-‘zt] 


Thi s proves (3,4.5) 


Hence for p = 0 and q = k, we get ^ on comparision with equation 
(3.1.2), 


1 


rsz o 


’/X 1 •fc’^ 

~ 'KjiJ J-^ 






4g 





n =. D + U 


■fc r_ 
- b k. L 


. ‘K'+t 
* K > 




which proves (3. 4® 2) 


Proof of (3 *4* 3): 


Consider the double series 

“ M ^ rwtTi^ " t"" 

yyi ^ w Tl - O 


oo n 


-‘^+UkC Yntn; 


Y\-Vvi tuo ^ 


IT X I CJ-t --^ 

Y\s.o •m - o (_«< 1 ) 


v\co Vki:^o 


^ *X v\ C^ > li^) Cx4t) 

Y\rc. “ A'X +1)^^ 


"X + h 
e. e 


^ K L- ; 

[^by (3.4.2)"] 


1 7 (r 

■J - O I W S O 


1_ 


_ ■ 1^* Y! . • ' • 

(c ^ 

,Ozo”^’- WCD 


Y\ -VV \ ^ T>+Jj - Vv% 

X t 

Vn / 


I I ( jvT 5<rr^ -vi. 






mM 
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CO CO CO 

>v\ 


1 -z'" Y Y ^ 

'^Z.O Y\-Vv\ V-6 Vv^ I '^5 1 


CHS 


y\* Wl 


^ T " VW ) ) Vi 1 t*'* 0^1 y r i; 

VV = 1^ V=0 l^vV--Vv^^ 'XVN'V«)\(,.-y\lj!^Vt C“«'+U 






ChO 


’m 


--- V\ :: Wi ^ ^ v, V=D Vlfy^.y 


‘I C^^'Vljye.'n 


V 

(^y\-yv\4-0v 


Since 


Cvy-W) \ 


(y\¥V - Wi) ^ 
co> oo 


{y\ •vvjN 


_L 


'V- 

VS-Vv% 


I 1 ,^[v^.,;.-v.„,tJ 

YA=0 YnsVA V\( (jaf-l(-V)^V,j --^ 

and on ecjuating the coefficients of Z hoth sides we get# 


'OO ' 

1 C"r) 

ay 

■7 '■■ ' 

, ^)(v\\-YS 

C-x 

JL^ ■ 

VC) ■t 


n ::: 0 





OO 


. . r\ - M w .h 

-t P ^ I 


,1:: 

^ c 

y\^ vn 

y\ 

. yvi 

[n+ ) ^ ri - VK-t! ■, ^ 


which proves (3*4«3)» 

Clearly, for m = 0, C3.4 b 3) reduces to (3.4., 1) o As a special 


case, when k = 1, (3,4o3) reduces to the generating function 
for Laguerre polynomials^to be explicit, from {3*4.3), after 
simple series manupulation, we get--; 
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oO 


(3.4.6) Y 






/ c< Jt- yy^\ -yt , r 

C yv. ’t'a 

;-t , 
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This result also follows from (2,2.2) for k = 1 


while (3.4,2) was given 


FINITE SUMMATION FORMULAS 


Following are the finite summation formulas for 


and summing for n 


Multiplying both sides by 


HtVV-Vj) 
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r.Toli^ O+^Vl'+^^-Vi '^' ■'“■■' 


’‘ci; V:} 




Y>; D 


I ' O 


tl 

r- e 


f F r- ■ 

O KL ^ 


, o< -H 
Vi •’ 


K+K - "x'"' 


V e-y-^ Ff . 1 

^ ^ \^* ■ y, '^^'’ '«’*"“^ 


ex. 


Y[_-t^^, 4 - % ^ r -^- ' -<.+1 


yic 

-fc F f --- ' <=>^+1 
— e. o 1=- L. S' ' 

=:- LHS . 

Proof of (3«5«2)s 


^ K J • ^ U 


}C. ) 


• t-x •'.^i-l ' 

lyLJ ^ ; 


. |C . 

^ \<L / 


(',£)'‘F 


T^ 


.1 

J -O 

ti'ansfoinros to 


Since ^4. u 

j -o 


vt 

X ^r\- 


the equation ( 3 • 5 *, 1) 


rfc.-,« ‘ nr fs-^' )(::::, 


which proves (3, 5* 2) 



ViW -t °< 


X -sc J^ 

k" 
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which proves (3o5.3). This result can be used as a multiplication 
formula for . 


3.6 


LAPLACE TRANSFOmS! 


o/ 


Following are the Laplace transfoms for 


(3.6.1) ^ (xt ;y.) ’-Sl 

rr 

9 ^ 3 +! y \!_ 

provided that R,CS)>o and . 


K 


■ V Ic i 
K 


4 I — I 




(3.6.2) cs’'-»'‘;h 

j n ■¥*< 4-i.y^, 


The Laplace transform of a function f is defined as 


(3.6.3) «<' \4ct)vsl = ^ RcCS-tf) -70 






CP+'^j) 






Which proves (3.6.1) 




o( ■»• K . 
'-TT > 


r IL 4-1 ): 


< V “t KVl 






CHAPTER-IV 


MULTILI1®AR GENERATING RELATIONS 


4. 1 INTRODUCTION: 


In the present Chapter, a general multilinear generating 
function for the polynomials G^ (x, h, p, k) has been considerec 
From this we shall derive as special cases, generating relation 
for Konhauser polynomialso So we state the following theorem: 


THEOREM- 


For a bounded multiple sequence 


of arbitrary complex numbers, let 


(4.1.1)]-1 L-n,,- 


Cn-rJynJ 


. >'v ■. "J. , .'irl = L I 


^[~0 


JyiO 


-A- . - .j jy) J _ _ . ^ 

. Yv^ are positive integers. Also let Ay t>e 


where Im, 


defined by 


(4.1.2) Z\ - L Ui . -r* 


Then, for every nonnegative integer m. 


,1.3) L V ' 


■i TV 




r),.--iny's.o 




■^1 
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. I 


Tf-\Y 


y\ Y 




tVAy-n, 


ml / A. fmy . ... 




Tt j I 


K. i 0 


Jirovided that the multiple series on the right-hand side 
of (4ol.3) has a meaning, and 

(4«1»4) - .-Y Liy ^ ^ • 

4o2 Proof of the theorem i 

For convenience, letj\(y\_, denote the left- 

hand side of (4.1,3), and set 

(4,2,1) jvji TTiy and "J — m,j| jy . . - - + m^vjy • 

Applying the explicit representation (2, Id) and the 
definition (4,1.1), we find that 


(4,2.2) . ■ fAy)! 


--.vny 

y Y i-o f i Y / 

jco —fT jtio ^ 


*^r 

(Yw VYi,.Vni+ 


J,-o 


Vvi +yi, Y - ■ • YmT, 


£my;hd 


<c A) 


j, 1 




■ vi’ c 


) Y) ' 


Ca-n<J 

nr! 
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-tj 




Now we appeal to- the well known, series identity 


H 1 

r 





of a polynomial of degree m ♦ n + j in 
when j m + n + Jo Thus we have 




binomial expansion to sum the resulting n ~ series, we get 


when r « 1 
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CvO I 

^ jv Cj,) I ^'? C f >*;^j'^!^ 5 i_l‘l) 


A, j,-o 


Ji ! 




‘"■«fV\ V'^)'J f 


CyO 


T f -V- yn 4- w, J^ 


■ z_ 

V\ = t> 


•« 


yy^ I^ 0 J 

y «ipc>>c*') 7 ^Cj,i j f-^J±i) 

»,^=o I 77“ / 


C'-u5 


) _ v«. Wl, J, 


*,o\-. ' 1 JT ]■/' 


. Px^ 

TSTx 






Case II: When r » 2, 


c>o oo 


'^U.Ui) - K”'ext=Ct>/) Y 1. A CJ,.],) ^ 

iTj 




oo 


' T 1 


(r- fX-^/ 

>n4y,+vy. ; . SJ_ll 

lJ>4-WViJj, j 


w ■ ^ oa ' GO 

; H exKlpxS I 

0 " rj V * K 




JTA^O ^ 


OO 


}c ey.(»CHS I yv 0\.i; 
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— j7T“ ] »'- 

-V V_ ^ ■ J 

\ -CUvVvJa'J 


w + Wij, 4- Wa-5: 


m - vv], j, - ¥v\. 


ex^ C\>x'^) 'I, -A Civia) .U | 

^,jv J5.='0 


\ ^iJ 


„ i _ 


‘t- 


/ w :i-Yvi0 


# 


And so in general, we finally obtain 


(4.2.7) JlC%- - -,Vr) = > 


.VCt.*^ aT"'"'' i 


•mtT 


CtO^^o./- -,■>») l zfTK A?, \ -jii — - 


>vi? . Va- 


where a-n<^ J ste given by (4,1,2) and (4,2,1) respectively. 
And the inequality in (4,1,4) is assumed to hold the right-hand 
side of (4,1,3) and (4,2,7) are essentially the same. This 
evidently completes the proof of our theorem. 

4.3 GENERALISATION OF THE THEOREM ! 

For a bounded multiple sequence (n, . . . arbi- 

trary complex numbers# Let 




(4.3.1) 

C'^Wvn"] 

= I . . , 

j\-D 


V r- . 

■ L I 

\f r. 5 \i I \ 


I ) 

'* “T 


JT ? 


where YA\^- - ■ - , hiy are positive integers. Also let Ay be 
defined by (4. 1.2) 


(4.3.2) y (rr^ ^ 




V ' ^ J I ^ W-V-n^ j»r 

H - ' -.TTNy 


c.uy)K;^>' 


,vv\ 0 -irn-o</t<t.^ f .■\-*<\ 


wJrVvi,Tn,4- 4y»Vhv 


A (^y - ■ ■ ,«,) 'T J I 

-w j I V1._ I 


where in terms of the bounded sequence ( -rv ) of arbitrary 
complex nxrribers 

"n cvo A • ■ I 

(4.3.3, Trc=-,U.) .1 I - 


i5 


J - O • >.=■ O 


Proof : For convenience# let JlCu,^- — — • .Uy) denote the 

left hand side of (4.3.2)# and applying the explicit represen- 
tation ( 4 . 3 . 3) and the definition (4.3.1) we find that 


(4.3.4) vH. 


Yyv+-TA,+ - -'-YYXy 


■n,-,-nyc6 (in^ vn,-¥--* 





^ Y|| Y 








i 
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Now we appeal to the well known series identity 






the inner most sum 


difference of a polynomial of degree 


it is nill when 




to sum the resulting n 


Case I: 


When r = 1, 


oo 


I ^ 

J I- D 




(4,3.8) -A-CU,) - A tj,) J ^C" ^'^'”'':/i*l 


J, ^ 


lift v---p 






K exipc^it^) £ 2^ c.j,) (MjL*^ Y . 

0 '- Ic Vvn^Wjj -j.t 

5^-»4\=o 




n 


vh ^ I 1 * 

I VS-O-,; 


■*‘)J>0 


J.5 


' (e> kiv^ \ ■ - iil^]. 

A v IX*" ^ Va V wv^ J ^ C. ' ^ \ ) K 


A) 

W>- VvtJi 


Vv^ 

V; eTt|>t.lp^ 


00 

1 




C A; 






d^y 


W\ V Vv<Vv J , 


A 

15 


Case H i :When r = 2, 

W cya oo ^ :\ "t^ 

A t r I 1 -A ci, A) 

*"' ^ iv ) ^io ' ^^^'«5i+‘>iaii ■^1 






\“<nr/ 




\< 2- ^J'l Ji) J3 


Vt -a 




■Vv\+ vj 


Oh. ( Vvv^YS, V 


\< ^ ■e'x.|o C ^ 'x'^ ; Zi 


VM^yvtjVjj^ — . i-'VviyVi 
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APPLICATIQKS ! 


By assigning suitable special values to the arbitraj 

coefficients A Cj,^ vJy)the multiple sum in (4.1.1) can 

indeed be expressed in terms of the generalized Lauricella 
hypergeometric function of r variables. { See /ar-endix ). 




(4.4,1) I 


Aj. - - . 




At ) 

C ' ' 


. e,- - ; C*-n,;yy,Q [cw.’) ;4.' l..._ . 




Cc 4 '),s'j:. 

C-^V.vny] [Cb'^’v ‘ \ 

Vk:)- - te) 

• if y 


^ in 


; > ... r 


6 ^-^% ;i}(c, w,, 


’ ; t>’ ;d ... 




&-»=•'': VJ 
tci'r.s'j 


■• ; revt'-’): . .J 

■/ C A' j' 


where ^ l^y o . As given by (4,1.2) and 


ll 


(4.4.2) 


'f 





Now siibstituting A = c = 0 in (4,4.1) and for convenience 
let each of the positive coefficients je i, - - - • i)' 

; , _ I^enoting the array of parameters 


.Y / we thus find from (4.4.1) that the 


Cvj / Cw\4-‘»0' 



vn 


TVJVVIj Jr 


VJhen r = 1 
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y (vn^r-nij ’ G, 


Vv^>y^ 


^ , Rl / l^+‘ 


When r 


Qt.'C.jf.Kj p 








^ ) -^ 1,1 

hi- /'Cvv\V'^c<:-^<.,wt,,al 


;■■; V ■’i- 







vw 41^, 4. _ . • 4 YI 




where Ay given by (4.1.2) and 
by ( 4 . 4 . 2)^ which proves (4,4.3). 


m'Vn, -4 


0 Vv>4i 


•m - f\c. 


;f"' ! 

> rfiii " i 







* >/>c ^ 





If 4’^-'^) is holomorphic at 


For details# see Whittakar and Watson 


function which are analytic in a neighbourhood of 


where and are arbitrary complex nxambers ^ 
independent of 2 . Then for arbitrary parameters^ 






Cx.-v-viy)jt 


For proof of this theorem/ see Srivastava and Manocha[35 


Jeneralised Hvperqeometric Function: 


Define 


:6) 1= oi, 

L ^ ^ ^ =1 I _ ^ 


'n=- o 




where is Pachchamer symbol defined by 




-O , 1 ^ 


A # o • 


The function defined by (6) is known as generalised 
i 3 (P»ergeometric series or function of z, and parameters 

?>-z. ~ ' 5^'V values in such a way that the 

Infinite series either terminates or is convergento In 
particular/ denominator parameters/ P U> ^re neither Zero 
nor a negative integer. 

We can easily see that 



For more details one can refer to Rainville 


L=5l 


'iiii 


sisiils 
■ilili.,. 

iiiSi'- 
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4, Generalised Lc 


Function of 


'i ab 1 © © •_ 


The generalised Lauricella hypergeometric function of 
bles has been denoted and defined as follows * 


n varr a- 


Fc : 


• i f I’j 


F 


fv : 
C : 


- '‘i 




ou /■ ccc,) V ©^’4 J. 




r- ,CV)) CVl) S ■ ' 

- fc<^ >;s J; 


Wli 

•Zt 


^ J1 


V^yil 




where 


Si rvx 


U c,> »> TfCbj) to----jrcC) 

-Zi V ^ / >y,j©j -f -V - - ■ * ■Y .ii ^ J -^Vn, ji ) ^ ^ 


.n 


Uj 


J + irvwyj'V 


tn) IT 

)’ ;\-i 


’/ j=- > ^nTj- ^ 

- .if 5 

- - i (41 ^ 
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SOME BiORTllOGONAL POLYNOMIALS SUGGESTED 
BY THE LAGUERRE POLYNOMIALS 


H. M, Srivastava 


Joseph 1). E. Konhauser discussed two polynomial sets 
{Ylix;k)} and which are biorthogonai with respect 

to, the weight function over the interval (0, oo), where 
a' > “-1 and Jc is a positive integer. The present paper 
attempts at exploring certain novel approaches to these 
biorthogonai polynomials in simple derivations of their 
several interesting properties* Many of the results obtained 
here are believed to be new; others were proven in the 


1. Introductiou. Konhauser ([10]; see also [9]) has considered 
two classes of polynomials Ynix; k) and Zlix; k), where Y^ix; k) is a 
polynomial in x, while Z"{a:; k) is a polynomial in x*, a > -1 and 
k - ■ 1, 2, 3, • • •. For k 1, those polynomials reduce to the Laguerre 
polynomials L'"\x), and their special eases when k - 2 were encoun- 
tered earlier by Spencer and Fano [19] in certain calculations 
involving the penetration of gamma rays through matter, and were 
subsequently discussed by Preiser [16]. Furthermore, we have [10, 
p. 303] 

r x^e-^YKx; k)ZK^] k)dx = , 

( 1 . 1 ) 

v i,ie[0, 1,2, , 

wliieh exhibits Llu' fact that the poly nuinial sets ( A')} and 
{Z"lx-, k)] iini biorlliogoHal with respect to the weight function ' 
over the interval (0, -j), it being understood that « > — 1, k is a 
positive integer, and is the Kronecker delta. 

An explicit expression for the polynomials K"(;r; A") was given by 
Konhauser in the form llO, p. 304, Eq. (5)] 


As for the polynomials F;;(x; A;), Carlitz [3] subsequently showed that 
[op. cit., p. 427, Eq. (9)] 

(1.3) ys(x; k) = Jjt4-t » 

where (A,),, is the Pochhammer symbol defined by 
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J’V= 
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(X)„ 


( 1 . 4 ) 


Fix + n) 

n-K) 

|a(A + 1) ■ • ‘ (Xi + n 


The object of the present paper is to show that several 
interesting properties of the biorthogonal polynomials Yti(c; k) ani 
Z"{x; k) follow fairly readily from relatively more familiar results by 
applying the explicit expressions (1.2) and (1.3). A number of properties 
thus derived are believed to be new, and others were proven in the 
literature by employing markedly different techniques. 

2. The biorthogonal polynomials Yl{x\ k). We begin by 
recalling the polynomials Glf’Ca;, r, p, k) which were introduced by 
Srivastava and Singhal [24J in an attempt to provide an elegant 
unification of the various known generalizations of the classical 
Hermite and Laguerre polynomials. These polynomials are defined 
by the generalized Rodrigues formula [op. cit., p. 75, Eq. (1.8)j 

(2.1) G\V{x, r, V, k) = exp(- pj:- )} , 

n\ 

whore - - djd'x., and the parameters a, k, p and r are unrestricted, 
in general. We also have the explicit polynomial expression [24, 
p. 77, Eq. (2.1)1 


( 2 . 2 ) 


n ! i=o 


k’^ A {px^'Y 




On comparing (2.2) with Carlitz’s result (1.3), we at once get the 
known relationship [23, p. 315, Eq. (83)] 

(2.3) Ytix; k) = k-’‘ Gir^Kx, 1, 1, k) , a > -1 , k = 1, 2, 3. • • • , 

which evidently enables us to derive the following properties of the 
Konhauser biorthogonal polynomials Y"{x-, k) by suitably specializing 
those of the Srivastava-Singhal polynomials G!Y^{x, r, p, k). 

I. RodriyueY formula. In (2.1) we set p - r = 1, replace a by 
a 4 1, and appeal to the relationship (2.3). We thus obtain 


( 2 . 4 ) 


Y:(x-,k) 


ku ti 1 ,,i« 


tnl 


where, by definition, a > -l and /c is now restricted to be a 
positive integer. 

Alternatively, we may recall that [15, p. 802, Eq. (2.6)] 
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/: : : : I 

' ' I 

■ I 
I 

1 
1 

m 

I 

' 

n\ 

which indeed is equivalent to 

(2.6) 7"(a;; /£) = 

n\ . 

since 

(2.7) (a:’J9J''{ff(a:)} -- 

for every non-negative integer n. 

Now we set s = x'‘ and s'D, - lc 'x“"D^ in (2.6), and the Rodrigues 
formula (2.4) follows at once. 

Incidentally, the Rodrigues type representation (2.4) is due to 
Galvez et Genin [2, p. A41, Eq. (1)J; it is stated slightly differently 
in a recent paper by Patil and Thakare [12, p. 921, Eq. (1.2)]. 

II. Reowrenee relations. In view of the relationship (2.3), the 
known results [24, p. 80, Eq. (4.3), (4.4), (4.5) and (4.6)1 readily yield 

(.2.8) *(u-l-l)7;:n(a:;A) I {kn 1: a -■ «: 1 i)Yi{x)lc) , 

(2.9) I), r;:(a:; /c) = F;:(a-;/c)- y^''(x; &),■■•> 

(2.10) (« ~k + l)r;(a:; k) = xY''ff'{x-, k) -F {n -1- l)/cr;rrf(a;; k) 
and 

(2.11) lc{n + l)Y-:Ux] k) = {Im + a + DY'Xx] k) ~ xYl^'ix; k) . 

The recurrence relation (2.8) was given earlier by Konhauser 
[10, p. 308, Eq. (16)], while (2.9), (2.10) and (2.11) are believed to 
be new. Notice, however, that by eliminating the term xYZ^ ^X) k) 
between (2.10) and (2.11) we obtain 

(2.12) Y:-,1{x;Ic)=Y:,,{x]Ic)-Y:{x;Ic), 

which is equivalent to the familiar generalization {cf. [10], p. 311) 
of a well-known recurrence relation for the Laguerre polynomials 
[18, p. 203, Eq. (8)J. 

III. Operational formulas. Making use of the relationship (2.3), 
we can specialize the Srivastava-Singhal results [24, p. 85, Eq. (7.5) 
and (7.6)] to obtain the following operational formulas involving the 
biorthogonal polynomials Y%x) k): 

(2.13) Q* (3 -f a + j/c - X + i) = ± k){xf^^D,Y 

jwO ■ ■ ■ j l - - 
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and '' 

(2.14) ^(a;; - -J— 11 I « -h + i)-i , 

k“n[ i=« 

where 5 = xD^. 

IV. Generating functions. From the known results [24, p. 78, 
Eq. (3.2); p. 79, Eq. (3.4) and (3.6)], due to Srivastava and Singhal 
[24], it readily follows on appealing to (2.3) that 

(2.15) S Yl{x-, Ic^f = (1 - i5)"‘“'‘’^*exp(a:[l - (1 - t)"‘'*]) , 

(2.16) S Yt~‘‘'‘{x; k)V' ~ (1 + £)<““*+»'* exp(a:[l - (1 + tf'’’]) , 

n«0' ' ■ 

and 

n I 

= (1 - exp (3:[1 ~ (1 - £)“‘''*])r;(«(l ~ t)“‘/*;/i:) , 

where m is a non-negative integer. 

Furthermore, by using the definition (2.1) and the aforementioned 
result [24, p. 79, Eq. (3.4)], it is not difficult to derive the generating 
function 


(2.17) 


£ 


(2.18) = (1 + exp(p;e’'[l — (1 -f kty''‘]) 

G”„V’(.f(l 1 lay y-i^p.lc) , Ic ■/ 0 , 

which, for p = r = 1, yields a generalization of (2.16) in the form: 


» fni + n' 
2u \ 

«-o\ n , 


r a-kn 


(a:; /c)t'‘ 


( 2 . 19 ) -.= (H-t)<“-*'»'‘exp(a;ll-(l-l-t)’^*]) 

X n(:c(l 1- ()' *; k) , V ni C {0, 1, 2, • • • } , 

where, by definition, k is a. positive integer. 

The generating function (2.15) was derived earlier by Carlitz [3, 
p. 426, Eq. (8)], while (2.16), (2.17) and (2.19) are due to Galvez et 
Genin [2]. In fact, (2.15) and (2.17) were also given independently 
by Prabhakar [15, p. 801, Eq. (2.3); p. 803, Kq. (3.3)]. 

Incidentally, in view of the known generating function [24, 
p. 78, Eq. (3.2)J and Lagrange’s expansion in the form [13, p. 146, 
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Problem 207J: 

( 2 . 20 ) 

where 

( 2 . 21 ) 


AO 


1 - tii'iO “ '/t! 




c-MC), my^o, 

it is fairly easy to show that 

f -h nrl’A r, p, 0('‘ 


( 2 . 22 ) 


„ (1 -- u)' "■‘‘’exp(px''ll - (1 - It) '•'* I) y. g 

1 tc '«(r «) i/i rjt>y''(l -- «) '■ ‘I 


or, equivalently, 


(2.23) 


_ (1 ,-f t>)‘*^*exp(pa;’'[l - (1 4- vY'’‘\) 

1 - k-^v\A - rpy^l + ' 


where tt and v are functions of t defined implicitly by 

(2.24) u = kt{l — tt)”^'*exp(pi/’'[l — (1 — «)“'■'*]), u(0) = 0 
and 

(2.25) V = kt{l + '(;)'^“'''?,exp(pj/''[l — (1 •a)’''*]) , ■y(O) = 0 


In their special cases when p = r = 1, (2.22) and (2.23) obviously 
yield the following generating functions for the Konhauser 
polynomials Y"{ic; Jc): 


(2.26) 


QO 


E + 'mm 


(1 - g)-i“t»/*exp(a;[l - (1 - 
1 - /c- ‘e(l - ^)-‘[^ - vil - 


where f is a function of t defined hnplicitly by 

(2.27) s = t{l - 1)--*^^ exp(p[l - (1 - f)-^'^]) , m = 0 ; 

(2.28) 


E r^ '' '*'■(» + ny, k)t’' 

,w«0 ■■■■■, ■■ 


(1 + exp(a;[l - (1 + vA'‘]) 

i-k-^vi^-va + vr^i 


where 77 is a function of t given implicitly by 

(2.29) V = t(l + exp( 2 /[l - (i + . ’yiO) = 0 . 


For y = 0, the generating functions (2.26) and (2.28) are 
essentially equivalent to the Calvez-Genin result [2, p. A41, Eq. (2)]. 
{Indeed, their reductions to (2.15) when /3 = p = 0 and to (2.16) when 
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0 = —k and 2/ = 0 are immediate.} On the other hand, their special 
cases when k - 1, involving Laguerre polynomials, were given recently 
by Carlitz 14, p. 525, Eq. (5.2) and (5.5)J. 

Prom the Srivastava-Singhal result 124, p. 78, Eq. (3.2)j we 
further have 

(a;‘"’'I>J“{exp(-px'')<?i“’(a:, n V, *)} 

="(— rp)“ exp(— JJ, &) , m^O, 

and 


(2.31) (?!," ' -i- V'V'', p> *) = S r, p, k) Gi%{y, r, p, li) , 

which, for p = r ■= 1, yield the known results 

(2.32) 'r^Oc;*)) (-l)”A*Fr O 

and 

(2.33) YV ^»{x + r, k) = ± n(a;; mLiiV, k ) , 

■■■■ 

due to Genin et Galvez [8, p. A34, Eq. (5); p. A33, Eq. (2)J. {For 
(2.33) see also.flS, p. 803, Eq. (3.2)|.} 

Applying (2.30) in conjunction with Taylor’s theorem, we obtain 
yel another now generating function in the form: 


(2.34) ZG|r"’'’(:iVn?>,/4 


£_ 

nl 


e' Gii'Xl®’' - ^’.P.k), m ^ 0 , 


which, in view of the relationship (2,3), reduces at once to the 
Genin-Calvez result [8, p. A34, Eq. (7)] 


(2.35) 

»=o 


e‘ YZ(x — t; k) , m ^ 0 


We conclude this part by recording the following special case of a 
known result given by Srivastava and Singhal [24, p. 84, Eq. (7.3)]; 


(2.36) F'Xa:- /c) = t ^ k) > 

3 




y 


which is due to Prabhakar [15, p. 802, Eq. (3.1)]; for k — 1, (2.36) 
yields a well-known property of the Laguerre polynomials [18, p. 209, 
Eq. (2)]. 

incidentally, the well-known special case p = 0 of (2.28) [with /3 
replaced trivially by kb], and an erroneous version of the Genin- 
Calvez result (2.35), were rederived in a recent paper by B. K. 
Kurande and K. R. Patil {Indian J. Pure Appl. Math. 12 (1981), 


SOME BIORTHOGONAL POLYNOMIALS 


241 


222-225; especially see p. 224, Eq. (12), and p. 223, Eq. (6)] without 
any reference to the relevant earlier papers [2], [7] and [8J. 


V. Mixed multilateral generating functions. The generating- 
function relationships (2.17) and (2.19) enable us to apply the results 
of Srivastava and Lavoie [23], and we are led rather immediately 
to the following interesting variations of a general bilateral 
generating function lop. cii., p. 319, Eq. (107)1: 


E ym+n(a:; lc)Afyi, • ■ •, Vn, 

7 i ~0 


(2.37) 

V (I - (.) -<*« '“'•w‘exp(u;ll (l-^ 

and 

'^YTfnix;k)A„{.y,, ■ ••,ys; z)t'' 

rt~0 

(2.38) 

„ (1 |. f)'" exp (a;Il - (1 + 0''’‘|) 

X w -F ty'^wu ■ + m , 

where 


(2.39) 

F{«-, yi, • • •, y.v; 2] = E c,.r“+,„(x; k)AJ:y„ • • •, ys)z’' , 

(2.40) 

G[a:; yu • • y.v; z] = E c„Fr4'!.'‘(®; k)Afy„ • • •, yf)z '' , 


c„ 0 are arbitrary complex constants, m'^0 and g ^ 1 are integers, 
and, in terms of the non-vanishing functions AfVi, of N 

variables y A', S I, 


(2.41) 


hn + n\ . , , . : 

' * *r Vn} *’VS U n)^ • 

i-o\n-qgl 


By assigning suitable values to the arbitrary coefficients c„, it 
is fairly straightforward to derive, from the general formulas (2.37) 
and (2.38), a considerably large variety of bilateral generating 
functions for the polynomials Yl{x‘,k) and YT'‘\x-,k), respectively. 
On the other hand, in every situation in which the multivariable 
function ■••,yif) can be expressed as a suitable product of 

several simpler functions, we shall be led to an interesting class of 
mixed multilateral generating functions for the Konhauser polynomials 
considered and, of course, for the Laguerre polynomials when k = 1, 
and for the polynomial systems studied by Spencer and Fano [19] 
and Preiser [16] when /c = 2. 
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^ ^ . The results to be presented 

VI. Further jiu'^te mms. formulas (2.33) and (2.36) and 

in addition to the taite s)Ctoa-Smgh.l polync,..™ta 

their general “’f " the V"” ge“«"“«"* lunetiona 124, 

ft: X: Eg. (3,4)1 it is readily observed that 

, , tr tif® “ ^'\er ?“*■■' *'’(®’ ’■' 

(2.43) (3V-'(*, >■. P. B = S. '' \ i I 

and 

(2.44) Gr(^,r,P,^ = }^^\ j I 

i* >/\ /9 vield the following 
«• - 1 and {2»«>)» ^ 

"““"r^Xinydy^ the Konhauser polynomials KCaiBi 

(2,46) y««i«-^A i ) •■’ 

and 

r-(a:.e=t(‘“'.®^V'-''‘*’'‘'’ 

(2.47) r.AX,A) j j 

tot formula (2.47) is anaiogous to the earlier result (2.36). 

. uZ-(*-B. Sinee the parameter 

3 The biorthogonal positive integer values, 

in (1.2) is r-function we have 

by the well-known mulUphcation 

, i = o, 1, 2, •••> 

(31) r(fci + a + ^^ = ^^“ ^ 

■ • en by (1 4). From (1.2) and (3.1) we obtain the 

where (k)„ is given .j 

,,pergeemetrle represen U ^ ^ ^ 

(2.2) = ’' ■ 

1 i.h derive the following properties 

iivelv bo usod to uori 
which can alternatively 
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of the biorthogonal polynomials Z'i(x; k) by simply specializing those 
of the generalized hypergeometric function 


(3.3) 




09 


* * * t S 

tJtasO 


liu jccqU 

nui^x 


ml 


where ¥= 0, —1, — 2, • ■ ■ , Vi e (1, • • q). 


I. Differential equations. Denoting the first member of the 
preceding equation (3.3) by F, we have the well-known hypergeometric 
differential equation [18, p. 77, Eq. (2)] 


(3.4) 


0 .1 1 {0 -I- I3i - I) 


% 1 1 {0 H- aj) 
i-i 


F ~ 0 , p ^ q + 1 


where, for convenience, d = zD,. 

In (3.4) we set p = l, g = k, z = {xjk)’’, d = where S = xD,, 
and apply the hypergeometric representation (3.2). We thus obtain a 
dilTerential equation .satisfied by the polynomials Z'ffx-, k) in the form: 


(3.5) |n (5 + « - k -I- i)|tiif',;(a;; k) = a;*(3 - kn)Z';Xx; k) . 

Kecalling that (ef., e.g., [26, p. 310, Eq. (19)]) 

(3.6) f{3 + a){g{x}} = z~ff{3){x'^g{x)] , 8 = xD, , 
it is easily verified that 

(3.7) II (5 + a~ k + j){gix)} = x'-“jDJ{x“p(x)} , 

i=i 

and the differential equation (3.5) obviously reduces to its equivalent 
form [10, p. 306, Eq. (10)} 

(3.8) DI{x‘‘'W,Z:{x;k)} = x%xD, ~ kn)Z:{x\^ 


II. Reeurrenee relations. It is well known that (c/., e.p., (11, 
p. 279, Problem 20j) 

(3 '9) 

= ^FXa, + 1, • • •, a, + 1; A + 1. • • •. /3. + 1; 2] ^ 

A •••A 

whence, by setting p - 1, q = k, z == {xjk)'‘, ' D, ~{klx)’‘~'-D^, and 
applying (8.2), we have 

(3.10) A ZZ{x-, k) = - kx'‘-^Zlt't{x; k ) , 

or, more generally, 
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(8.11) = 

Similarly, from the t 

(15)1; eee also 1171), mvolv^ tte^nerata 

(3.3), we readily obtain the following mixeu 


> *. v*vw\**»*jr 

,x fcn/w + a + 1) — Zi_^{x-,Ic), 

xD^ ^“(a:; fc) = knZlix-. k) __ 4 . 4 . i) 

xD, ZZix-, Ic) = {Icn + a)Z: '(^; k) - , 

r,...,/ ;n _ fcr(fc« + «)_ — z-n-i{x; k) . 

Zl{x\ k) - Z'l (xyk) „ 1) + a + 1) 


(3.12) 

(3.13) 

(3.14) 

„ ia act di«cult to ,ex«y 

results from (3.12) and ( • i „:„ate this derivative term in (3.12) 
xD.Z:ix-,k). If. l^owever. ^ the recurrence 

or (3.13) by using (3.10) instead, we snail arrive 

relations 


(3.15) 
and' 

(3.16) 


r*zr‘(»; it) = (to + “ + 1)‘ ''' ' 




k)z:-\{x] k) 


o im 12\ were given earlier by Konhauser j 0, 

Formulas" ^^-lO) ^-^2) S ^ Galvez I? . 

p. 306, Eq. (8); P' f ^as derived by Prabbakar [14, p. 
p.. A 1565 . Eq. (5)1, while (3.15 m Z:{x-,k). 

f S '^IVorS, t *otr:e" (.om (t.8) that 


x'‘Zl^’’{x-,k) 

rm% + 1) 4 « +J ly. (-i)^'(^ 
= ■■■■ \0 


yMViH) 


j] r{k{j + 1) + « + i> 

a^r 


— ^ ,=0 X A'vw . -/ ■ 

i:(M!L±il±-^^ - i)T(&J+'^^^ ’ 


and since 


l--t) 


'» + !' 
3 


0 ^ i ^ «• + 1 . 


recurrence relation (3-16) 

PatilandKK.Thalcarey.M«^^^^ (SIO) and 

* It may be of interest to mention here ^ of the generating 

tUnU «« « J ■ X. » (i«. 

function (3.20) of this paper, by B. Nath liijmnji- 
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__ rjkjn -j- 1) -|- o: + 1) y ( 

ni \jj r{kj + a -¥ 1) 

- /^(fc(w + 1) -f « + 1) yV-iy/'’^ 

»! .^0 ■ J /r(fc; + a + l) 

- {kn + « + l)uZ“{x; k) - {n + . 

ieh precisely is the pure recurrence relation (3.15). 


III. Generating functions. Chaundy [5] has shown that [op. 
.. p. 62, Eq. (26)1 


(Mn 


17) 


7*^.0 %\ 


• • •, a,; 01, • • 0,\ z]t^ 

= (1 - a„ • • •, a,; 0„ • • 0,; ztjit - 1)1 . 

\t\<l. 

If we replace t on both sides of (3.17) hy tjx and take their 
aits as X-*(^<', we shall readily obtain Rainville’s result; 


.18) 




nl 


= e‘ „F,la„ • ■ a„; 0„ • > 0,; -z«| . 


Both (3.17) and (3.18) are stated by Erdelyi et al. [6, p. 267, 
q. (22) and (25)], and their various generalizations have appeared 
1 the literature (c/., e.g., |20, p. 68, Eq. (3.9) and (3.10)]. 

By specializing (3.17) and (3.18) in view of the hypergeometric 
epresentation (3.2) for .Z;(a;; fc), we at once get the generating 
unctions ■ v 


3.19) 


and 


V — 

(« + 1)*„ 


■Zlix; kW‘ 


= (1- i)-^ ,F 




a + 1 
k 


a + k. xH 


’ Ic ' {i - Dk" 


M! < 1 


S Zlix-, k). 


t" 


(3.20) 


(a + l)kn 
= e\F,\ 


. a 1 1 

«l k. / 

Wt 

1 ’ k ’ 

■■■’ k ’"V 

.jfc / y ' 


respectively. 

The generating function (3,19) is due essentially to Genin et 
Galvez 17, p. A1564, Eq. (3)j, while (3.20) was given by Srivastava 
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[21, p. 490, Eq. (7)]; the latter appears also, with an obvious typo- 
graphical error, in a recent paper [12, p. 922]. In fact, both (3.19) 
and (3.20) were given (in disguised forms) by Prabhakar [14, p. 218, 
Eq. (4.1); p. 214, Eq. (2.2)]. Notice that the so-called generalized 
Mittag-Leffler function £/i,a+i(z) and the '‘Bessel-Maitland” function’ 
(j>{k, a -I- 1; z), occurring in Prabhakar’s results just cited, are indeed 
the familiar hypergeometric functions jjPi and cFi,, respectively, k 
being a positive integer. More precisely, we have, for fc - 1, 2, 3, • • ■ , 






(3.21) 


and 


•w-o ml r{}m •+ a + 1) 
1 


r{a + 1 ) 




cr -J- 1 (X k , ( z \* 


(3.22) 


^{k, a -f 1; 2) = S 

i»s*0 njcTKl + (X *4" 1) 


1 j? r . OC ~i- Tl (X k .( Z ')*’"] 

“ r(a + 1) “■^1- ’ h ' ■■■' k ’\k} ]' 

by appealing to the well-known multiplication theorem for the 
F-function. 

Next we consider the double series 


iTiBsO n«s0 


^ Im + % 


n 






(oi + 


X** 

n»*o (a + 




C 0-^^ k\ 


. a + 1 

''’\k 

(-a;*)" 


jz 4 f)" 

nmii '(a 4 - 1 ) kn 

a + k. 


k 


; -(-|) (2 + t)]v by (3.20) , 


%i pt {a -f l)kn x m 




= S-2” S 


n -(■ y\r'“ (-a; ^ f 

m 


n\ {a -i- l)i„ y! ’ 
and, on equating the coefficients of z", we have the generating relation 

t* 

% 




(3.23) 


(a + l)jk(m+») 


«-• \m/ 'H'! (« + l)i. 


» Incidentally, the generalized Bessel function iS; a) was introduced by E. Maitland 
Wright [27, p, 72, Eq. (1.3)]; see also Erddlyi et al. [6, p. 211, Eq. (27)]. 
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which holds true for every non-negative integer m. 

Alternatively, this last generating relation (3.23) may be derived 
as a special case of our earlier result [20, p, 68, Theorem 3]. Of 
course, it is not difficult to develop a direct proof of (3.23) without 
using the generating function (3.20). . 

For m = 0, (3.23) evidently reduces to the familiar generating 
function (3.20). Its special case when k — 1 leads to what is 
obviously contained in the following limiting form of a known 
result [22, p. 162, Eq. (19)1: 


(3.24) 




(X + 

e* ?P'j[a + m + 1; ft, a + l;t, —x] , 

ml. 


where is a (Humbert’s) confluent hypergeometric function of two 
variables defined by [1, p. 126] 


(3.25) 


W^[a; e, c'; x, y] 


y (g),4n a?” y” , 

•■y-o (c)„(c')„ ml nl 


Formula (3.24) follows from the known generating function [22, 
p. 152, Eq. (19)] by writing tjx in place of t and then letting 
X,- 4 co. Furthermore, if we replace t in (3.24) by /it and let 
/i->oo, Yje shall arrive at the well-known generating function [18, 
p. 211, Eq. (9)] 


(3.26) 


i ”jLl?l.(a;)t’* = (1 - t)--”-* exp (- j-”) 

' w = o, i,2, ••• . 


which follows also from (2.17) when A: = 1. 


IV. Multilinear generating functions. By making use of the 
hypergeometric representation (3.2), a number of new multilinear 
generating functions for the product 

(3.27) 

analogous to the corrected version of the Patil-Thakare result [12, 
p. 921, Eq. (2.1)1, can be derived by suitably specializing a general 
formula given earlier by Srivastava and Singhal [25, p. 1244, Eq. 
(24)1 for a product of several generalized hypergeometrie polynomials. 
We omit the details involved. 


V. Finite summation formulas. In view of the exponential 
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generating function (3.20), Theorem 1 (p. 64) of Srivastava [20j will 
apply to the biorthogonal polynomials Z%x;k), md we thus have 

(3.28) k) = . 

\y/ j-=o \ kj ) 31 ^ ^ 

or, equivalently, 

(3.29) Ztix; k) = (-^Y' ± (“ \ k) . 

The summation formula (3.28) can indeed be derived directly (c/. 
[21, p. 490, §4]). It can also be rewritten in the form [op. cit., 
p. 491, Eq. (12)]: 

(3.30) z:ifix-, k) = ± ny k) , 

>•“» \ kj . } 3l 

which obviously provides us with an elegant multiplication formula 
for the biorthogonal polynomials 5(“(a!; fc). 

VI. Laplace transforms. Employing the usual notation, for 
Laplace's transform, viz 

(3.31) '{/(t): s] - T e ‘7(t)dt , Re (» - <r) > 0 , 

JO . 

where / 6L(0, R) for every R > 0, and /(t) = 0(e°‘), t-* oo, we have 

.Sf{t^Zl(xt;k):s} 

_ (<r + !)<■„ ri$ + 1) 


(3.32) 




^ k I k 


■n, 


/3-[-l _ _ _ /3-I-/C . « + l ... q + fc . /.£ 


/c 


k 


k 


ft ’\s/ J’ 


provided that Refs) > 0 and Re(/S) > — 1. 

The Laplace transform formula (3.32) can be derived fairly 
easily from the hypergeometric representation (3.2) by using readily 
available tables. In the special case when ^ = a, it simplifies at 
once to the elegant form [14, p. 217, Eq. (3.7)]: 


(3.38) 


'//{t‘'Z"M; k ): «} = _ xy , 

*} D'i' I 


% 


t 




where, as before, Re (s) > 0 and (by definition) a > — 1. 
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A MULTILINEAR GENERATING FUNCTION 
FOR THE KONHAUSER SETS 
OF BIORTHOGONAL POLYNOMIALS 
SUGGESTED BY THE LAGUERRE POLYNOMIALS 

H. M. SrIVASI AVA 


The polynomial sets { Y"{x', A-)} and ( A)}, discussed by Joseph 
D. E. Konhauser, are biorthogonal over the interval (0, oo) with respect to 
the weight function where a > - 1 and A is a positive integer. The 

object of the present note is to develop a fairly elementary method of 
proving a general multilinear generating function which, upon suitable 
specializations, yields a number of interes’hig results including, for exam- 
ple, a multivariable, hypergeometric generating function for the multiple 

I , ; % 'fV, , ’■ > ... . 

(*) if» + ffl + -■ t t ^ y 


n 




(1 + ;3, L,,,, j ’ 

involving the Konhauser biorthogonal polynomials; here, by definition, 

■ a>-l; A, .v, ^ 1, 2. 3,. . V / G { 1 .. . ..r } . 

L intruductiohi . Joseph D. E. Konhauser ([5];; see also [4]) intro- 
di';' ed two interesting classes of polynomials: Y^{x\ A) a polynomial in x, 
and Z"(x; A) a polynomial in x*, a > -1 and A = 1,2,3,.... For A = 1, 
these polynomials reduce to the classical Luguerre polynomial.s 
and for A - 2 they were encountered earlier by Spencer and Fano [8] in 
the study of the penetration of gamma rays through matter and were 
discussed subsequently by Preiser f?]. Also [5, p. 303] 

/.OO 

(1) f x‘V 'F"(x;-A)2"(x; A) Jx 

^0 . . . ,, 

r(/:/i 4- a -{- 1) //V 1 ^ 1 

xtm — ^ V FH , /I G ( 0, 1 , 2, , . . } , 


„jr 

"’ll" 
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SO that the Konhauser polynomial sets { A-)} and A)} are 

biorthogonal over the interval (0, oo) with respect to the weight function 
A'V where a > -1, A is a positive integer, and S,„„ is the Kronecker 
delta. 

The following explicit expression for the polynonuak Z‘‘(a; A) was 
given by Konhauser [5, p. 304, Hq. {5)J: 


(2) Z;(a;A) = 


r{kn + « H 1) , ,v//^\ X 


\L y { _ i)/( '• 1 

^ W/r(A7 + a + !)■ 


Sub.sequently, Carlitz pointed otn that [2, |). 427. liq. (0)j 

ilj\l I + a + I 


( 3 ) 


'■ j-O J ■ 7-0 


where (X)„ = r(X + «)/r(X). 

In a recent paper [10] we derived various properties of (for example) 
the Konhauser biorthogonal polynomials A) by suitably specializ- 
ing those of the Srivastava-Singhal polynomials A, p. A) which are 

defined by the generalized Rodrigue.s formula [14, p. 75, Eq. (1.3)| 


(4) /i, p. A) 


A~*'''“exp( px*) 


•(A^"‘i),)"(x“exp(-pA'')}, A = 
and given explicitly by [14, p. 77, Bq. (2.1)1 

(5) h.p,k)-^i i + “ 


/-o 


/-« 


I hi + a\ 

I ■ k 


where the parameters a, A, A and p are unrestricted, in general. In fact, by 
comparing (5) with Carlitz’s result (3), we at once deduce the known 
relationship [13, p. 315, Eq. (83)] 

(6) y;(x;A) = A-'G<“+i>(A,l,l,A), a> -1; A = 1,2, 3.. .., 

which wiis of fundamental importance in our paper [lOJ. 

The object of the present note is fir.st to give a rather clcnicmury 
proof of a general multilinear generating function for the Srivastava- 
Singhal polynomials G,j“’(A, A, p, A ). We then show how this multilinear 
generating fu..ctioa can be further generalized and applied to derive a 
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number of interesting i results including, for example, a multivariable 
hypergeometric generating function for the multiple sum (♦) involving the 
product of several Konhauser biorthogonal polynomials. Our main result 
is contained in the following 

TmOM.u. For a bounded multiple sequence .. ,n ,)} of arbitrary 

complex numbers, let 

(7) 

In, /mi) ) 

E ' ' ' ' ' '' "V ' ^ . V . 

where m^,. ..,m^are positive integers. Also let A , be defined by 

( 8 ) 

Then, for every nonnegative integer m, 


A,. « 1 - «,» f “ 1>2,3, 

■ i»Vr \ 


yr 


(*■5) ]r ( m + /Ii + • • • + tirV-G^ln, , ... , A , p, k) 

tti,. . . — U 

{u^/k)"' (u,//c)"' 


• [ /I p . . . , /I y’l, . . . jjFrl nf. 

= it"'exp(px^)A;'""“/* 


n,\ 


hn + g 

k 1 m h m. 
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1-1 




provided that the multiple series on the right-hand side of {9) has a meaning, 
and 


(10) 


l«i + • • ■ + < 1. 


2. Proof of the theorem. For convenience, let . .,uf) denote 
the left-hand side of (9), and set 


iLi 
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Applying the explicit representation (5) and the definition (7), we find 
that 

(12) a{u„..„u,) = k"‘ t «r‘ •••>;' 




J\[ hi + a 




m-^N 


-A"' £ Mjv^-‘Jr)Tl\ -p 

y HlL (px*)^ 

^ ^ ^ ^ ^ ^ ^ ^ ^ J*>fQ *' 

•E(-’)1{)(^). • 

Now we appeal to the series identity [9, p. 4, Eq. (12)] 

E /(n.+ + 

n-O 

and (12) becomes 

(14) a(«„...,«,) = ^"' E 


(13) 


1-1 


i/ 


;-o 


•E("i)' 

/-o 

where J is defi ed, as before, by (11). 


'j]lhL±a' 

{ I }\ k / m + n*J 
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The innermost sum in (14) is the yth difference of a polynomial of 
degree m + n + Jma\ it is nil when j > m + n + J. Thus we have 

m ^ n ^ J 


" ♦ « ♦ r nv^» W J I / 

£ ^£(-i)'W 

y-0 J- /-O 

ImmQ ' ^ //« + «'+ 


/r/ 4- g 

k J m+rf¥J 
^k\l 


{ -px") g 


/! 


j-o 




/ \ ^ I hi *¥ a 

txp{px^) E 
/-o 


m*n*J f! 


■ and substituting this expression in (14), and applying the binomial expan- 
sion to sum the resulting «-series, we finally obtain 

(15) = /c"’exp{px'')A7'"““^* 


hl + a\ 7 j_ 

m + ./\ 






I 

tJu-'-Jr-O 




)A(yi.--- Jr) 


P^Y 

Ay*j 


k # 0, 


whe^ A^ and J are given by (8) and (11), respectively, and the inequality 
in (10) is assumed to hold. 

The right-hand sides of (9) and (15) are essentially the same. This 
evidently completes the proof of our theorem under the hypothesis that 
the various interchanges of the order of summation arc permissible by 
absolute convergence of the series involved. Thus, in general, our theorem 
holds true whenever each member of (9) has a meaning. 

Remark. Our method of derivation can be applied mumi/s mutandis 
in order to prove the following generalization of the multilinear generating 
function (9): 

(16) E (rn + n,^ + 

«( 

(«lA)''“ ■ (»r/ 


’3^ [n^,,..,/j,.,yj,... ,y. 




A:"'exp(px'')Ar"-“/* L 


/ hn + a 
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n\ 


,A(«,, ...,«,) 


/.I k j w+miiit -f 

A*/* L\\ . 
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where, in terms of the bounded sequence of arbitrary complex 

numbers, 

07 ) P.^) - ' 

which obviously reduces to the Srivastava-Singhal equation (5) when 

'?> ■ 3. Applications. By’ assigning suitable special Values to the arbi- 
trary coefficients AUv • • • Jrl the multiple sum in (7) can indeed be 
expressed in't?nns-of the generalized Lauricella hypergeometnc function 
of r variables [ 11 , p. 454]. Thus, foUowing the various notations and 
conventions explained fairly fully by Srivastava and Daoust ([11, p. 545 et 
seq.]; see also [12]), we obtain from our theorem the multivariable hyper- 
geometric generating function; ... 

'hr-.. 7 ■ 

(18)' H , (m + 4*,^** ’ 4- + 

r 'V;, i 

' [(f)-.*'!:-;, 


C: O'; 








; fi'"' 
D<'’> 


' [m + a/k: h/k, m,,...,»i,.], [(c): 0,9',...,®*'"’] : "> 

[(c): 0. f,. :[aA:V^]: 

[(6'): 4.']; •■•:[(&*'’) -.r’l; ^ ^ 


[(c/');S'];---;[(J<^>) :«<'>]; 

where h/k > 0, A, is given by (8), and 
.h 


(19) 


px" 

Ay*’. 






Next we set /4 = C = 0 in (18) and, for convenience, let each of the 
positive coefficients 4j‘\j " l,...,B^*h ^j'\j ~ ^ (/ — 1,...,^) 

equal 1 . Denoting the array of parameters 
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(20) E in, + n,+ 


■m.. 

r-1 


A(m,; 




(?)■' 


m’^a/k 


’ ^0 : 1 ; O' ; • • • ; V "■ : I “A = h/k ] ; 




k * 0, 


where h/k >0,£k/ts given by (8), and Hq, Si, ... , S^ are defined by (19). 

Obviously, this last formula (20) generates the product of r gener- 
alized hypergeometric polynomials; it is a generalization of several known 
results due to Srivastava and Singhal [15]. 

For special values of the parameters, the Sri vastava^Singhal poly- 
nomials h, p, k) can be reduced to the classical Hermite and 

Laguerre polynomials and their various generalizations studied in the 
literature (cf. [14, p. 76]). Furthermore, the generalized hypergeometric 
polynomials occurring in (20) can be specialized to several important 
classes of hypergeometric polynomials including, for example, the classical 
Hermite polynomials and their such generalizations as those considered 
by Gould and Hopper [3, p. 58] 


( 21 ) 


ln/m\ 

g,"'(x,X) = E 


n! 


jZo /!(« - "!/■)! 


- iwy 


m ^ 0 


A(m; -n); 


and oy Brafman [1, p. 186] 

(22). . a,; y3x,...,X:xl 

A(m; -n), aj,. 



where, as in (20), A(»j; -m) abbreviates the array of m parameters 

(-«+;■ -l)/m, y = l,. 
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m being an arbitrary positive integer. The details involved in these 
derivations of known or new multilinear generating functions from (20) 
may be left as an exercise to the interested reader. 

Yet another interesting application of our theorem would result when 
in (1?) we set 

(a =/? = !, ^ = 5<'> * C = - I * 0, 

= 1 + ;3,., = S;, =■ 1, i = l,...,r, 

replace a by a + 1, and by y/', i - 1,. . . ,r, and appeal to the relation- 
ship (6) and to the explicit representation (2). We thus obtain our desired 
multilinear generating function for the Konhauser biorthogonal polynomi- 
als in the form: 


(23) L ('« + *) 




..1:0; ••• ;0/[m +(« + 1)/-^ : lA, 1 ih 

^0:1; ... ;ll— — •: 


[(a -t- l)A : l//c]; [l -t- : Sj] ; • • • ; 

’ _ JL - “iiH “rA’ 

. ■ [l + ■Sri; ^r ’ ^r 

f ' ' ■ . ' 

where, by definition, 

(24) a > -1; ^, > -1; = 1.2,3,...; V/ e (1 r). 


A seriously erroneous version of a special case of the multilinear 
generating function (23), when Sj = • • • = s, = s, was proven earlier by 
Patil and Thakare [6] who incidentally used a markedly different method. 
In fact, (23) with k — Si— • • • = = 1 is a well-known result (involving 

the classical Laguerre polynomials) due to Srivastava and Singhal (15, p. 
1239, Eq.(5)]. 

Since are, by definition, positive integers, the multilinear 

generating function (23) would follow also as an obvious special case of 

( 20 ). 
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